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Abstract—An algorithm for the estimation of multiple targets
from partial and corrupted observations is introduced based on
the concept of partially-distinguishable multi-target system. It
combines the advantages of engineering solutions like multiple
hypothesis tracking (MHT) with the rigour of point-process-
based methods. It is demonstrated that under intuitive assump-
tions and approximations, the complexity of the proposed multi-
target estimation algorithm can be made linear in the number of
tracks and linear in the number of observations, while naturally
preserving distinct tracks for detected targets, unlike point-
process-based methods.

Index Terms—Multi-target tracking, Partial information

I. INTRODUCTION

ULTI-target tracking refers to the problem of estimat-

ing the number and state of targets in a dynamical
multi-target system via partial and uncertain observations
corrupted by detection failures and false alarms. The difficulty
of this task is further amplified by the fact that targets in the
system appear and disappear at unknown times. The main
challenge with multi-target tracking (MTT) is the absence
of a priori information about data association, i.e. about the
association between the received observations and the different
targets being estimated. This aspect makes the problem highly
combinatorial in nature so that approximations are required for
systems made of a large number of targets and/or for which
the data association problem is not easily resolved.

The existing solutions in the field of MTT can be divided
into two classes of methods. One class consists of “classi-
cal” methods [2], [1], [21], [29] that are based on practical
generalisations of single-target estimation. Their strength lies
in their ability to distinguish the targets and to naturally
characterise each of them. The other class of methods com-
prises approaches based on simple point processes, such as
the probability hypothesis density (PHD) filter introduced by
[19] or one of the many variants of it [28], [34], [22]. These
methods successfully propagate global statistics about the
system of interest and integrate false alarms and appearance
of targets in a principled way. However, they do not naturally
propagate specific information about targets because of the
point process assumption of indistinguishability. One of the
attempts to overcome this limitation [32], [31] uses marked
point processes.

More recently, a new paradigm for modelling systems of
targets with uncertain cardinality and state has been introduced
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in [15], which has been combined in [12] with a novel
representation of uncertainty [13], [14] allowing for modelling
partial information. This paradigm embeds the concept of
partially-distinguishable systems, i.e. systems where specific
information might not be available for some of the targets, this
notion being useful in MTT, e.g. for jointly representing never-
detected targets (indistinguishable) and previously-detected
ones (distinguishable). It also enables the computation of more
diverse types of statistics [15] about multi-target systems than
with point processes [8]. By considering the usual assumptions
of MTT, a first algorithm following from this paradigm has
been introduced in [12, Chapt. 3] and detailed in [6], [5] and
is referred to as the filter for distinguishable and independent
stochastic populations (DISP filter). This filter can be derived
without relying on approximations but unsurprisingly displays
high computational complexity, similarly to the MHT. In this
article, an additional MTT algorithm, called the hypothesised
filter for independent stochastic populations (HISP filter),
is derived and its efficiency is demonstrated on simulated
data. The objective is to have recourse to some intuitive
approximations in order to lower the complexity. Although the
HISP filter relies in some aspects on the DISP filter, it also
differs in many other ways from the definition of the state
space and the handling of hypotheses to the track extraction
procedure.

Formally, the HISP filter propagates a collection of marginal
target representations, called hypotheses, on an extended state
space which includes the possibility for targets to be outside
of the area of interest as well as the possibility for the
representations to be erroneous, i.e. not corresponding to any
actual target. Its distinctive feature is the consideration of
all hypotheses and all observations in the assessment of the
credibility for one observation to be originated from one
potential target during the update. The complexity of this
type of assessment would defeat the purpose of propagating
marginalised target representations without the introduction
of meaningful approximations based on the assumed sparsity
of the considered MTT problems. These approximations are
shown to allow for a reduction in complexity down to linear in
the number of hypotheses and in the number of observations.

The structure of the article is as follows: the recursion of the
HISP filter is given in section II and in a more practical way
in section III. This is followed by an introduction of the main
approximation in section IV. A discussion of the connections
with existing algorithms can be found in section V. Details of
the implementation are given in section VI and performance
is demonstrated on simulated data in section VIIL.

II. THE HISP FILTER

The specific modelling enabling the derivation of the HISP
filter is given in section II-B and section II-C, followed by
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a detailed presentation of the successive steps of the HISP
filter’s recursion in section II-D and section II-E.

Without loss of generality, the time is indexed by the set
T = N, where N is the set of natural numbers. For any ¢t € T,
the state and observation spaces, denoted X = X* U {4, ¢, }
and Z = Z*U{¢} respectively, are defined as the union of the
spaces of interest X*® and Z*® together with the empty states
1y and 1, as well as the empty observation ¢. It is common
to consider X* = R? and Z* = R? with the integers d and
d’ usually verifying d > d’. The empty state 14 is attributed
to targets that are not in the area of interest, modelled by X*°,
but which might appear in it at any subsequent time. The state
1y, is attributed to false-alarm generators which are objects in
the field of view of the sensor that are not of direct interest
but which might interfere with the observation of the targets'.
Note that the symbol “f” will generally refer to targets whereas
“p” will refer to the false alarm. The empty observation ¢
is attributed to objects that are not actually observed at a
given observation time. The use of empty state/observation
is common in the target-tracking literature [3]. Because of the
nature of the spaces X and Z, the integral [ f(x)dx of an
integrable function f over X is understood as

[ reax= [ rax-+ ) + 1),

and, similarly, [g(z)dz = [,. g(z)dz + g(¢) for any inte-
grable function g on Z.

Consider the hypothesis that a distribution p on X represents
a true target. We define € as the random variable on {0, 1}
describing the fact that this hypothesis is true (1) or false (0)
and introduce ¢ as the virtual state occupied by a target whose
existence is assumed by a false hypothesis. The conditional
distribution P(-|€) of the target therefore verifies

P(-le=0)=6, and P(-|e=1)=p,

which induces a distribution p on the extended state space

X =X U {¢} defined as

p(x) = P(x|e=0)Pr(e=0)+ P(x|e=1)Pr(e = 1)
= (1 = w)dy(x) + wp(x) e))

for any x € X, with w = Pr(e = 1) and with J, the
Dirac function at ¢ such that §,(x) equals to 1 if x = ¢
and 0 otherwise (well defined since ¢ is assumed to be an
isolated point). This extension is particularly useful for proving
results since it combines the probability of existence w and the
probability distribution p into a single distribution p on X.

To sum up the role of the point states vy and ¢, a probability
distribution p on X represent a potential target that is in the
area of interest with probability [y, p(x)dx, that is out of the
area of interest with probability p(v4) and that is not a true
target with probability p(y).

A. Sensor modelling

The sensor is understood as a finite-resolution sensor which
can only generate observations in a finite partition II; of Z*®

Ithis construction has been previously proposed in [28]

at time ¢ € T. With each observation cell in II; is associated
a unique index, e.g. the coordinates of the centre of the cell,
and the set of all these indices is denoted Z]. A set {A} : z €
Zy} of subsets of II; with Z; C Z] is made available by the
sensor at each time step £ € T and corresponds to the actual
observation of the targets in the system. It is also helpful to
consider another subset Af’ = {¢} that does not correspond
to the given data but which will be associated with undetected
targets. The set of subsets corresponding to the observations
at time t is {A? : 2 € Z,}, where Z; = Z, U {¢}.

In short, A7 is a subset of the observation space Z°®, with
z an index in the set Z;, corresponding to an observation cell
(e.g. pixel) where a target has been detected at time ¢, either
correctly or erroneously (false alarm).

Although this sensor modelling is not the most usual in
the target-tracking literature, many physical sensors, such as
radars, sonars or cameras, are actually finite-resolution sensors.
This approach will also motivate the introduction of a special
form of likelihood in section III-D.

B. Single-target modelling

1) Transition: Three (sub-)transition functions ¢; from X
to itself indexed by ¢ € {a,m,w} are introduced in order
to model the motion as well as the appearance and dis-
appearance of targets between times ¢ — 1 and ¢. These
functions are said to be sub-transitions because g¢;(-|x) is
not a probability distribution in general but is assumed to
verify [ ¢j(x’|x)dx’ < 1. Since there is no possible transition
between the subset X*® U {t4} describing the targets and the
point v, describing the false-alarm generators, it holds for any
v € {a,m,w} that

4 (x"[¥y) = q; (v [ x) = 0
for any x,x’ # 1,. These transition functions can then be
characterised as follows:

i) g models the appearance of a target, i.e. the transition
from v to X, so that ¢*(-|x) = 0 for any x # 14, where

0 is the function equal to 0 everywhere. It is assumed that
a target cannot appear and disappear during one time step so

qi (g | hy) = 0.

ii) gf models targets’ dynamics, i.e. transitions from X* to
X* or from 14 or v, to themselves, so that for any x € X*
it holds that

q (Yy1x) =0 af (g | ¥y) = qf (Wy [) = 1.

iii) ¢ models targets’ disappearance, that is a transition
from X*® to vy, so that for any x, x’ € X* it holds that

' (x'|x) =0 a7 (- [¥g) = ¢’ (-]) = 0.

The transition functions ¢{ and g are additionally assumed
to verify

and

and

¢ (g | %) + / (x| x)dx =1 @)

for any x € X, since a target with state x in X*® can be either
be propagated to X* with probability p7 (x) = [ ¢f (x' | x)dx’
or can disappear and be moved to 1);. Indeed, in the absence
of alternatives, the probability of these two events should sum



Fig. 1: Relation between the subsets of X between times ¢ — 1
and t¢ induced by the transition functions. The lines describe
the transfer of probability mass from one subset to another,
e.g. qf transfers mass from vy to X* at time ¢ but to and from
no other subsets.

to 1. It is convenient to model the appearance of targets with
a transition function, e.g. if a rate of appearance is available
then the probability of appearance wy = [ ¢@*(x’|y)dx’
will depend on the duration of the con51dered time step,
which is natural for a transition-related quantity. A graphical
representation of the transfer of probability mass induced by
the different transition functions is shown in fig. 1.

In order to use these transitions in the HISP filter, they
have to be extended to include the point ¢ as well. For any
¢ € {a, 7, w} the transition function g¢ from X to X is defined

as
g (x' | x) if x,x' ¢ X

(x'|x)=41— [q(x"|x)dx" ifxeXandx =¢
1 if x =y and x’' = ¢,

3)
where the transition from X to ¢ represents the use of
an erroneous transition on an existing hypothesis, which is
conceptually different from target disappearance. It is indeed
possible for an hypothesis to become invalid if an erroneous
transition is applied to it. For instance, if a target disappeared
between time ¢ — 1 and ¢, then any hypothesis assuming the
opposite, i.e. that the target remained in the area of interest,
will become erroneous, which is modelled by a transition of
the state from X to . This can be considered as the natural
extension of a transition function from X to X to the corre-
sponding extended spaces. The transition g;* has a multiplicity
ny', meaning that it is used exactly ng tlmes. Although it is
unusual to fix the number of times a transition can be used, it
is one of the strengths of the presented framework to enable
such a modelling since it allows, in principle, for limiting
the number of targets that can appear across the scenario by
defining separately the number of targets at the point 4. It is
assumed that the maximum number of appearing targets ng
is larger than the number of observations at time ¢ so that
all observations might correspond to appearing targets. One
possibility is to consider as many possibly appearing targets
as there are resolution cells. The transition ¢y and gy’ have
unconstrained multiplicities so that their number simply adapt
to the number of targets.?

2This can be made rigorous using the concept of partial information [13],
[14] as discussed in [12]

2) Likelihood: Let (¢ be a likelihood from X to Z de-
scribing the possible detection of a target. By construction,
hypotheses corresponding to targets that are not in the area
of interest as well as erroneous hypotheses cannot yield (non-
empty) observations, so that

0| hy) =6 (p]p) = 1.

The probability for a target with state x € X* to generate an
observation is therefore p (x = [, (3(z | x)dz. The state 1),
is the only point of X at Wthh the likelihood ¢¢ does not
integrate to 1 and we assume instead that /(- \1/4,) =0to
ensure that false-alarm generator cannot be updated with it.

Recalling that Z] is the set of observation cell indices, a
likelihood ¢ from X to Z is introduced for each z € Z] and
is assumed to verify £7(-|y,) = wt “U(A7), with U(A) the
un1f0rm dlstrlbutlon over the subset A, ¢ (¢ |¢y,) =1— w? o
with w)"* € [0,1] the probability for a false alarm to be
generated in the observation cell z, and ¢ (-|x) = O for any
X # 1. Each likelihood in {¢} : z € Z/} is then assumed to
be used exactly once, i.e. each of them has multiplicity one.
This model ensures that no more than one false alarm will
appear in each resolution cell. If false alarms are independently
identically distributed, a single likelihood function can be used
to represent them all, with a multiplicity of |Z/|. The set
Z, U {d}, with d the index of the target-related likelihood
¢4, gathers all the possible indices for likelihoods.

Although this way of describing the dynamics and obser-
vation models is more sophisticated than usual, it allows for
modelling a closed system where targets merely change state
when appearing and disappearing and where all observations
come from some objects, either a target or a false-alarm
generator.

C. Multi-target modelling

1) Standard MTT observation model: 1t is assumed that
each subset A7, z € Z;, is an observation which corresponds
to one object, a target or a false-alarm generator. It is also
assumed that objects cannot be related to several observations.

2) Multi-target configuration: In general, the represented
multi-target system might have some distinguishable parts,
e.g. the previously-detected targets, and some indistinguish-
able parts, e.g. the never-detected targets. This aspect makes
challenging the expression of the joint law of all these targets.
We consider instead multi-target configurations of the form
P = {(Pi,ni)}ier where p; is the law on X for the target(s)
with index ¢ and n; is the associated multiplicity, i.e. there are
n; targets with law p; in the considered configuration. Multi-
target configurations can be related to the MHT’s “global
hypotheses” in the sense that they describe all potential targets
at once. It is assumed without loss of generality that p; # p;
for any i,7 € I such that ¢ # j. If we assume that {p; }ic1
contains all the possible single-target laws, then varying n;
gives all the possible configurations. It remains to define a
suitable index set I to make sure that the associated multi-
target configurations are suitable for the problem at hand. Note
that we allow the multiplicity of the probability distributions
5%’ 0y, and &, to take values in the extended set of natural



numbers N = N U {oo}. For instance, the multiplicity of
dy, controls the number of targets that can appear through
the whole scenario. The case of infinite multiplicity can be
seen as a simplifying assumption since it implies that these
multiplicities will never change. Note that standard MTT
methods implicitly assume such infinite multiplicities, e.g.
by not providing means of controlling the total number of
appearing targets.

Since ¢ does not represent an actual target state, care must
be taken when considering aspects related to distinguishability.
Indeed, targets are indistinguishable if and only if their respec-
tive laws are equal when conditioned on the targets being in
X, i.e. the targets represented by the random variables X and
X' with respective laws p and p’ on X are indistinguishable
if and only if p(x| X € X) =p/(x| X' € X) for all x € X.

Example 1. If [ is a singleton then the multi-target configura-
tion P = {(p, )} is equivalent to the symmetric multi-target
law P on X characterised for any xi,...,xy € X by

P(x1,...,xn) =p(x1)...D(xN)

N
=TT (01— )+ i)

In this specific case, P is symmetrical in its arguments and is
related to the law of a multi-Bernoulli random finite set (RFS).
Alternatively, if I = {1,..., N} and n; = 1 for all ¢ € I then
P is equivalent to the multi-target law @ on X* characterised
for any xi,...,Xy € X by

Q(Xl, .

L XN) =pi(x1) ... PN (XN)
N
= H ((1 —w;)0,(%;) + wipi<xi))a

where each probability distribution p; has been expressed as
in eq. (1), which is similar to the law of a labelled multi-
Bernoulli RFS [32]. The probability distribution P does not
distinguish any target whereas () distinguishes all targets. The
objective is then to use other multi-target configurations which
allow for partial distinguishability.

Remark 1. Even if labelled RFS were generalised to permit
several labels to be equal, the RFS representation would not
allow for a representation of indistinguishable targets almost
surely at an isolated point state such as 14 since a RFS is a
simple point process and therefore does not allow for multi-
plicity strictly greater than 1 (both the state and the label would
be equal in the case of indistinguishable targets at point ).
Handling non-simple, partially-labelled point processes is a
complex task, and multi-target configurations alleviate much of
this complexity by appropriately representing the hierarchical
structure of partially-distinguishable multi-target system. A
more general discussion about the different approaches for
target tracking is provided in section V.

3) Observation path: With the standard MTT observation
model, the targets are made distinguishable as soon as they
are detected since each observation corresponds to no more
than one target. Also, one of the main characteristics of the
induced single-target laws is the corresponding observation

path (the law is basically the Bayesian posterior law of one
target state given the associated observations). For this reason,
we consider the set O, defined as

@tiZOX"'XZt,

so that a sequence of observation o € O, takes the form
o= (¢,....0.20,,--.,2_,¢,...,¢) with t, and t_ the
time of appearance and disappearance of the target, with
2 € Zy for any t € {ty,...,t_}. The empty observation
path (¢,...,6) € Oy is denoted ¢;.

4) Simplifying procedures: In order to reduce the number
of terms in the considered multi-target configurations, two
simplifying procedures are considered. They rely on mixing
two or more elements of a given multi-target configuration P
on X, say the elements with index ¢ and j in the associated
index set I, by defining a new index k based on ¢ and j with
ny = n; +n; and with the single-target law p;, defined as

_ nipi(x) + n;p; (x)
pk(x): n-+n.7. J .
2 J

for any x in X. The index set after mixing 4 and j is then
defined as (T\ {¢,5}) U {k}, that is, the indices ¢ and j are
replaced by the index k in the index set I. The two simplifying
procedures can then be formalised as

S.1 Mixing of the appearing targets with the never-detected
ones

S.2 Mixing with §,, of the laws of never-detected targets that
disappeared

Simplification S.1 fixes the number of groups of indistinguish-
able targets to one: the group of never-detected targets. The
number of groups would otherwise grow by one every time
step, with the appearance of additional targets. Simplifica-
tion S.1 is justified by the fact that the distribution of appearing
targets is often uninformative and constant in time, so that the
difference between the appearing targets at time ¢ and the ones
who appeared at time ¢ — 1 and who have not been detected at
time ¢ can often be neglected. Similarly, Simplification S.2 is
associated with the fact that never-detected disappeared targets
are often irrelevant in MTT. Their single-target law is the form
wdy, + (1 —w)d, for some w € [0,1] that is often close to 0,
so that forcing the mixing with the single-target law d,, only
incurs a small information loss.

5) Indexing of single-target laws: It is assumed that the
only source of specific information at time t € T lies in
the observations made before time ¢. The targets’ laws after
prediction can then be indexed by the set ]It| ., of triplets
(#,T,0) such that T is either the empty set or a non-empty
interval [-,¢_] of {0,...,¢} with unknown starting time and
such that the observation path o in 0,_; satisfies the relation
oy # ¢ = t' < t_, with oy the observation in o at time ¢’
(which is the (¢ 4 1)-th element). An interval [-,¢_] is con-
sidered instead of a more standard given interval {¢,...,t_}
because newly-appeared targets will be mixed with never-
detected targets which implies that the time of appearance is
forgotten. Although writing ¢ € [-,¢_] is equivalent to ¢t < ¢_,
the expression [-,¢_] is preferred since it allows for using

() for targets that did not appear yet. The index set Hgl i1



can be interpreted as follows: predicted single-target laws are
distinguished by their interval of presence in X*® up to time
t and by their observation path in O,_;. Simplification S.2
implies that the elements of the form (f,[,¢_],¢;) with
t_ < t are not included in ]Iii .1+ The set I} indexing single-
target laws at time ¢ after the update is defined similarly but
with the observation path in Oy, i.e. with the observation up
to time ¢, rather than up to time ¢ — 1.

False-alarm generators are at 1, almost-surely and are
assumed to give inconsistent observations, which corresponds
to indices of the form (b, ), o) with o containing a single non-
empty observation. The set indexing the false-alarm generators
at time ¢ after update is then

]Iz: U {(b7®1(¢7~"a¢7zt’7¢7~"7¢)):Zt’GZt’}'

0<t/<t
The sets indexing the multi-target configurations after pre-
diction and update are then defined as

L1 = I8, UL,

He—1 and

L =Tul.

The single-target laws, e.g. after the update, can then be
indexed as follows:

a) a target that is still present at time ¢ and that has only
been detected during the current time step has index
[ t], (@,...,0,2)) for some z € Z,

b) a target that has not appeared yet has index (f,0, ¢;)
(which would also be an element of I? in the absence of
the symbols £ and b), and

¢) to each index (#,7,0) € ]I§|t—1’

in I¥, that is one index (4, T, 0 x ) for each z € Z,, with
o X z denoting the concatenation of the sequence o with
the element z

corresponds |Z;| indices

It is useful to introduce two more symbols to represent some

specific parts of the multi-target system: the targets with an

index (#,7T,0) € I! that

(m) have been previously detected, so that o # ¢,

(w) are in the state space but have never been detected, so
that T'> t and o = ¢,

so that, for instance, I}* is the set of indices of targets that

have been detected between times 0 and ¢ — 1. Because of

Simplification S.1, there is a single element in the set I}!, which

we denote ¢} (similarly ]I)‘j‘t_l = {i?‘t_l}). For the sake of

compactness, single-target laws and multiplicities with index

2y or i;ﬁllt—l will simply bear the superscript u.

We will first consider multi-target configurations on X in the
following sections, before reformulating some of the equations
of the filter with multi-target configurations on X. In both
cases, an element of the underlying collections will be referred
to as an hypothesis.

The following multi-target configuration represents the
false-alarm generator, the yet-to-appear targets as well as some
erroneous hypotheses:

PL? = {00, 1) bien U {80, 1s,), (8 m) ),

where ny, = oo, nj = ny, = co when i = (b,0,¢;) and
nt = 1 otherwise. This means that there is an infinite number
of targets that are not currently in the area of interest (the state

space X*) but which might enter it at a later time and there
also are an infinite number of potential false-alarm generators
(but the likelihoods corresponding to the actual generation of
false alarms come in finite number). Setting 7, and ny,
equal to oo is a simplifying assumption as it implies that
these cardinalities will never change during the scenario since
subtracting any finite number to account for target appearance
or the generation of false alarms will not affect them. The
probability distribution J,, only serves as a representation of
erroneous hypotheses, so that the value of n, is irrelevant
and its time dependency is omitted. The initial multi-target
configuration Py is defined as

Po = Poj—1 = {(py, n§)} UP{?

with ng = n§, pg(x) = g5 (x| ¢4) for any x € X.

D. Prediction

The number of never-detected targets at time ¢ — 1 after the
update is denoted ny ;. The multi-target configuration P;_;
after the update at time ¢ — 1 is assumed to have the following
form:

Proa ={(Bi_1, D}iem , UL o)} UPEE. 4
Let oyy—1 : ;1 x{a, m,w} — I}, be the mapping giving
an index in I;;_; for each pair of indices in I;_; x {a, 7, w}

corresponding to an hypothesis at time ¢ — 1 and a transition
function. This mapping can be defined as

(a, TU{t},0) ifrem Tot—1
oyi—1: ((a,T,0),0) = 4 (a,[t],0) if 1 =«
(a,T,0) otherwise,

with a being either f or b, since the presence of a target
is extended to time ¢ with the transitions ¢i* and ¢ only.
The index oy;_1(%,¢) is simply the index of the hypothesis
obtained when predicting the previous hypothesis ¢ with the
transition ¢. The prediction can now be expressed as in the
following theorem, which proof is given in the appendix, and
which is based on the following approximation.
A.1 The hypotheses formed by predicting each single-target
law in Hg_l with the transitions ¢f and ¢ are indepen-
dent.

Theorem 1. Under A.1, the multi-target configuration 75t|t,1
after prediction to time t is characterised by

/pﬂtfl = {(patfla D}ierm, U {(ﬁwltl\tflv n‘tl|t71>} U 75;#—’?7

tlt—1

u — u [}
where nj), | =ni_; +n; and

ni_y [ @ (x| x)p (x)dx’ +ng g7 (x| ¢y)
ny_y +ng

pltl|t—1 (x) =

are the predicted number and the law of never-detected targets,
and where the predicted single-target law ﬁz‘ 1 s defined on
X for any index i € Ty, \ {21} as

Py (%) = /éi(XIX’)ﬁf_l(x’)dx'

with (k, 1) = U,;tl,l(i)



Note that at‘t 1 (2) exists for any 4 # 4, and simply
recovers the indices of the previous hypothesis and transition
that lead to 2. It appears that the predicted conﬁgurationﬁﬁﬂt,l
takes the same form as the posterior configuration P;_; at
time ¢ — 1 expressed in eq. (4). Although the single-target
laws of disappeared targets are not very informative, they can
be useful in practice since the scalar [ ¢ (vy | x)pr_, (x)dx
gives the credibility of the hypothesis that the target with index
k at time ¢t — 1 disappeared between ¢ — 1 and t.

E. Update

Let oy @ Iyp—y x (Z; U {d}) x (Z; U {¢}) — I; be the
one-to-one mapping describing the connections of all possible
combinations of prior single-target law (in I;;_;), likelihood
(in Z; U {d}) and observation (in Z; U {¢}) with the indices
in I;, defined as

Ot - ((G,T, O),S,Z) — (G,T,O X Z)

As mentioned in section II-B2, all target-related laws are
updated via the likelihood ¢¢ and all the other likelihoods £,
s € Zj, correspond to the generation of false alarm, with one
likelihood per resolution cell. Note that, by construction, many
combinations will result in a posterior with all its probability
mass on ¢, such as with applying the likelihood ¢¢ to an
object with state 1);,. In particular, in the case of a false alarm
(s € Zj), the observation is fixed to z = s if s € Z; and to
z = ¢ otherwise. To facilitate the statement of the update, let

Li(z|x) = /Zéf(z|x)dz

be the probability that an object with state x € X has gener-
ated an observation in the cell z € Z] under the likelihood ¢;
with s € Z;U{d}. Note that the symbol z in L (z | x) refers to
an index in Z] rather than a point in the observatlon space Z.
Similarly, we denote pf*(z) the marginal likelihood of the
observation z when the prior ﬁf‘ 1> K € Lyj;_q, is restricted
to X, that is

0 [ s o

We also introduce pr*(z) = pF*(2) + L (z| P)Df_1 () as

the extended marginal likelihood. Note that the value of s is

known once k is fixed, so that it is possible to omit it and

write pr"*(z) instead of p¥*(2). The next theorem, proved in

the appendix, relies on the following approximation.

A.2 The hypotheses formed by updating each single-target
law in I;;_; by each observation in Z, are independent.

Theorem 2. Under A.2, the multi-target configuration P; after
the update at time t is characterised by

P = {0}, 1) ierr U{(BY, n})} UPP?, (5)

where the posterior single-target law pt with index i € 112,
denoting (k, s, z) = o; ' (i), is characterised for any x € X
by
LR,
Py (%) = wy ks

P (2)

and by pi(p) = 1 — w?, where wt is defined as

k,z ks
: w,
’UJZ = = ]jctz (Jc)s (63)
Ez gy Wex by ( l)
or, equivalently, as
k,z, ks
; w
wz. — ex pt ( ) , (6b)

z K
Mwet,,_, wex B (2)

and where wg,” is the multi-target marginal likelihood corre-
sponding to the update by the observations in Z; \ {z} of the
targets with index in

Hﬁtq = (I3, te—1 \ {k}) Ul;_, U {u},
— du(k) for the never-detected

kz

and with multiplicity n}
targets.

tlt—1

Less formally, the marginal likelihood wX?* € [0,1] can
be understood as the assessment of the compatibility between
the predicted probability distributions and the collection of
observations at the current time excluding the/a target with
index k and the observation z. Note that we consider Z; \ {z}
rather than Z, \ {2} in the definition of w¥;* since the empty
observation ¢ might be associated with an arbitrary number
of targets, i.e. it is not because one target is not detected that
other targets have to be detected.

An important feature of the HISP filter can already be
highlighted: an a posteriori probability of detection failure
can be computed through eq. (6a) when z = ¢. Also, an a
posteriori probability for an observation to be a false alarm
is obtained when considering k € Ht‘ +_1- Theorem 2 reveals
the fact that the collection of marginalised single-target target
laws {pt}, sert can be seen as single-target filters in interaction,

where the weights of the filters are {w?}, crt-
t

III. SUMMARY OF THE HISP FILTER RECURSION

The extension of the probability distributions and transi-
tion functions to X makes the proofs of the results easier,
however, from an implementation viewpoint, an hypothesis is
best described by a probability distribution p on X together
with a scalar w € [0,1] describing the probability of the
corresponding hypothesis to represent a target. This is the
approach taken in [7], which is given here for completeness.

For any i € I?, the scalar w? € [0,1] and the probability
distribution p? on X are defined by

MﬁAwﬂM’ = 5 ()

for any x € X. The multi-target configuration can now be
equivalently defined as P;—1 = {(p{_;, wi_i,nt_ 1) }ier, .-

and  pi(x)

A. Approximations

Approximations A.l1 and A.2 are of the same nature: they
allow hypotheses for co-existing, i.e. for being part of a joint
multi-target law, when it should not be the case. For instance,
a target cannot simultaneously remain in X*® and disappear,
and it cannot generate several observations under the standard
MTT assumptions. However, allowing for the co-existence



of all hypotheses has for consequence the reduction of the
number of multi-target configurations to one. There are two
aspects in the HISP filter that mitigate the effects of these
approximations: a) although all hypotheses are considered at
once, each of them is allowed to be false (represented by ),
and b) the propagation of the distinguishability enables an
efficient track extraction to be devised, in which the standard
assumptions of MTT can be enforced.

B. Prediction

The hypothesis with index k = (f,[,¢t — 1],0) € I} ; can
be propagated with the transition ¢; and yield the hypothesis
i=(4,[,t,0) € H§|t—1 with weight and law

whe_y =wk | / / aF (x| )t (x)dod dx

Doy (%) / 0 (x| X )Pty (),

or it can disappear when propagated with the transition ¢, in
which case the index in I;),_; of the corresponding hypothesis
remains equal to k and the associated weight and law are

Wk, =wk | / ¢ (g | )t ()

K
Pijt—1 = Oy -
For never-detected targets, it holds that g = iy +nf
and
iy [ (x| x)pE ()dx’ + nf'pf (x)
ny_q +ng

p?|t71 (x)

u k a,,Q
Wt = M=1Wi + Ny wy
tlt—1 = " o )
ng_1 +ng

with p§* = ¢f*(-|1y) the distribution of the appearing targets.
C. Update

The hypothesis with index k = (f, [~_, t—1],0) € ]I’,:|L7l can
be updated with the observation z € Z, via the likelihood ¢!
and yield the hypothesis ¢ = (4, [, ], 0 x z) with weight given
by eq. (6) and law

pi(x) o< L (2 [ x)pje—1 ().

The marginal likelihoods p*(z) and pF“(z) appearing in
eq. (6) can be expressed in this case as

k,d
P = by [ L x0nl (edx

p(2) = ot (2) + 0s(2) (1 — whfy_y).

Other hypotheses can be specified from theorem 2 in the
same way such as the ones corresponding to false alarms. For
instance, the posterior probability for the observation z € Z;
to be a false alarm can be computed from eq. (6b) as

b,z,, 0.z
wZ Wei Wy

)

= k2 k',

Zkz’eﬂm,l wex *py " (2)
with ¢ = (b, 0, ¢+—1 X z). This quantity is not usually computed
directly, but it will appear to be crucial in the proposed track-
extraction procedure.

D. Alternative sensor modelling

In some situations, it is simpler to assume that observations
can be any point z of the observation space Z*® rather than a
resolution cell. For instance, the shape of the resolution cells
can be approximated by a Gaussian function of the form

fu(@) = exp ( T - z>),

where 3 approximates the extent of the corresponding reso-
lution cell. In this case, the analogue of the function L? takes
the form

Li(z|x) = /fz(z/)éf(z/ | x)dz’.

If the noise in the propagation of the signal emitted by the
target and received by the sensor is negligible when compared
to the size of the resolution cells then it holds that L;(z|x) =
f2(H(x)) where H is the observation function, that is,

Lo(z|x) = exp ( _ %(H(x) _ TS (H(x) - z)).

The expression of L; is very close to the one of a standard
likelihood function, except that there is no normalising con-
stant (L (- | x) has maximum 1 for all x € X). This approach
can also be justified through a direct modelling of uncertainty
[13], [14] which has connections with Dempster-Shafer theory
[91. [27].

IV. APPROXIMATION OF THE MULTI-TARGET MARGINAL
LIKELIHOOD

Theorem 2 is based on the yet-to-be-defined multi-target
marginal likelihood w¥;* which value is needed for all pairs
(k,z) in Ty x Z,. However, the computation of these
marginal likelihoods comes at the cost of a high complexity
which, if performed exactly, would significantly reduce the
efficiency of the proposed method. Instead, we formulate two
possible approximations which are related to the “sparsity” of
the scenario, either from the viewpoint of the targets or from
the viewpoint of the observations: for all k € I with I C '™

tlt—1
and for all z € Z with Z C Z;, we assume that
A3 pY(2)pF4(2) = 0 for any k' € I such that k # K/, or

A4 pF(2)pFd(2") = 0 for any 2/ € Z such that z # 2.
Considering A.3 for a given I and a given Z is equivalent
to assuming that two single-target laws with index in I are
unlikely to be successfully updated (in terms of marginal
likelihood) with the same observation z € Z. Approxima-
tion A.4 is the counterpart of A.3, for which two observations
in Z are unlikely to successfully update the same single-target
law pF with k € I. These two approximations allow for
factorising the expression of w¥;*. The results will be given
using A.3, the analogue with A.4 follows a very similar path
(see supplementary materials).

Theorem 3. For any k € I;;_y and any z € Zy, applying
A.3 to the subsets ]If‘tfl and Z;\{z}, the scalar wk? can be

factorised as follows

ke, \{k}

k', s
Wk = Ci(k. ) b

K.
|:pt (0)+ Z Cu"b(z’)

zeZ\{z} Tt



where

wo oy _ PN pe)
Cy7(z) = wd, o T 5 (7N
2 (¢) P (#)
and where
ny—du(k)

Ci(k,z) = [p)"(¢)]
x LGZM pi’z(cﬁ)} [

with Z, equal to {z} when k =b and () otherwise.

[1 o)

z€Z\{z}

Theorem 3 is a direct consequence of lemma 1 stated in
the appendix. Note that the marginal likelihood pi’z(dﬁ used
in the theorem is simply equal to ¢7(¢|,). An important
property of the HISP filter that appears in theorem 3 is that
all the terms w¥* can be computed with a complexity of
order O(|I;;—1||Z¢]), as demonstrated in algorithm 1. The
computation of all the terms C}(k, z) has a lower complexity
(O(|Z:])) and is not detailed.

Since the computation of the terms wk;* is the only part
with a higher complexity in the HISP filter recursion detailed
in section II, the consequence of theorem 3 is that the
complete recursion can now be computed with a complexity
of O(|Iy¢—1]|Z:]) as claimed.

Algorithm 1 Computation of w¥;* for all (k, z) € Iyj;—1 X Z;

X

for k € I;;_, do
for z € Z; do
uk,» 4 (2)/C (2)
end for
wi,g 4 Pt (9)
for z € Z; do
Wk, ¢ Wh,¢ T Uk,z
end for
for z € Z; do
Wi,z < Wk, — Uk,z
end for
end for
for z € Z, do
W, +1
for k € I;;_; do
W, + sz;m
end for
end for
for k € Iy, do
for z € Z; do
wk? « Cf(k, 2)W, Jwi
end for
end for

V. RELATION WITH OTHER WORKS

In this section, the relation between the proposed approach
and other MTT techniques is discussed.

Labelled multi-Bernoulli (LMB) filter: Distinguishing tar-
gets has been made possible with point processes by us-
ing labelling [32], [31]. The LMB filter [24] follows as
an approximation and is close in principle to the proposed
approach. However, point processes have been built on the
assumption that the targets are indistinguishable [4, p. 124]
and labelling is usually meant to represent characteristics of
the target that do not evolve in time instead of representing a
target identity. These facts do not make the use of labels for
distinguishing targets straightforward and specific techniques
have to used to prevent the natural symmetrisation of point-
process laws. The objective with the proposed framework is
to build on a natural representation of partially-distinguishable
multi-target systems [15] which is based on a constructive
approach leading in the independent case to a point process
on the space of probability measures, and reducing to a multi-
target configuration in the specific case of the HISP filter. From
a practical point of view, the labelled multi-Bernoulli filter
computational complexity can be, in a worst-case scenario, as
high as with non-approximated techniques, whereas the HISP
filter’s complexity is linear.

Poisson multi-Bernoulli filter: The idea of separating the
never-detected targets from the detected ones has been pro-
posed in [35], [36] where detected and never-detected targets
are respectively represented by a Poisson point process and by
a (mixture of) multi-Bernoulli point process(es). The use of
a Poisson distribution for appearing targets offers a practical
advantage when no upper bound is known for the associated
cardinality, as opposed to the case of a finite-resolution sensor
considered here where the number of appearing targets cannot
exceed the number of resolution cells. Since it is based on un-
labelled point processes, the Poisson multi-Bernoulli approach
does not allow for a principled track extraction or for any
post-processing requiring targets to be distinguishable, such
as classification, unlike the proposed MTT algorithm [23]. To
reduce the mixture of multi-Bernoulli point processes obtained
after the update, [36] proposes to select the multi-Bernoulli
distribution that minimises the Kullback-Leibler divergence
with the mixture. This approach is well suited to unlabelled
point processes where there is no question of distinguishability.

Many other approaches exist in the target-tracking literature,
e.g. [10] considers random finite sets of trajectories.

VI. IMPLEMENTATION

Although the complexity is linear in the number of con-
sidered single-target laws and in the number of observations,
specific approximations have to be used in practice to limit
the computational cost and the number of propagated proba-
bility distributions while ensuring that track extraction can be
efficiently applied.

Let J,_1 C ]Iff_1 contain the indices that have been retained
up to time ¢t — 1 and denote J; C ]Ii1 the set of indices obtained
at time ¢ after applying prediction and update to J,_; (in
the same way I; is deduced from I;_;). Allowing different
hypotheses to share the same single-target law, we denote LL;_
the partition of J,_; characterising this aspect at time ¢—1, that
is, the index k € L;_; of a single-target law p¥ , is actually



defined as the set containing the indices of the hypotheses
described by the law p¥ ;. The objective with this approach
is to allow for the merging of single-target laws while keeping
distinct the other characteristics of the involved hypotheses. In
this way, a large number of hypotheses can be propagated with
a reasonable computational cost (which is mostly determined
by the number of single-target laws to predict and update).

Let L, be the propagated version of the partition L;_;.
Once again, an index k € L; corresponds to a single-target
law toward which several indices in J, can point. The weight
wk associated with the single-target law k € L; is the sum
of the weights of the hypotheses which relies on it, i.e.
wk = Dick w? (which can be larger than 1, as opposed to
hypotheses’ weight).

Pruning: Some hypotheses’ weight will be very close to 0
so that their probability of existence is low enough to discard
them. The actual index set is then a subset jt of J;. This
pruning procedure is characterised by

A.5 The set jt is the subset of J; containing indices ¢ such
that w? > 7 only, i.e. J, = {4 € J, : w > 7}.

The procedure affects the indices of single-target laws, how-

ever we also denote by L; the corresponding partition of Js.

Single-target laws will be automatically discarded when their

index becomes empty (as a subset of jt).

Merging: Some of the single-target laws will, in practice, be
too close to each other to justify propagating them separately,
a partition L; of J, can be introduced to group the ones that
are alike. This is the merging procedure characterised in the
Gaussian case as follows (denoting N (m, V') the Gaussian
distribution with mean m and variance V' and assuming p* =
N(mk V) for any k € L;).

A.6 The partition L; of J, is introduced recursively as:

(i) Define Ly on K = () as the empty partition

(i) Find the index k = argmax;gy .\ jc w; corresponding
to the single-target law with highest weight among the
ones that have not already been merged and define K’
as the set containing any index j € L; such that the
Mahalanobis distance [18] between ' (mf, Vi¥ +V/7)
and m? is strictly less than 7/ (recalling that each index
j € K’ is itself a subset of J;)

(iii) Let k' be the union of the cells in K’ and let pfl be

characterised by its mean and variance as

/ 1
k k. k
my == % Wy My
Dkerr WE k%;(,
/ 1
Vs
> kek wy
x - wf(VE+ (mf —mf)(mf —mf)”)
keK'
(iv) Extend L; to K Uk’ by letting k' be a cell of the
partition
(v) Redefine K as K Uk’ and return to step (ii) until
K=1L;

The two indexed families of interest are then {wf}; 5 and
P cf,- These approximations are usual for handling Gaus-
sian mixtures [25] but can can be applied here for any im-

plementation of the filter by adapting the considered distance,
e.g. the Hellinger distance [11].

Although the reduction of the number of hypotheses does
not induce a computational gain as significant as the reduction
of the number of single-target laws, there is still some interest
in mixing hypotheses that are very similar, especially for
long and/or complex scenarios. To decide when hypotheses
are similar enough to be mixed, we consider a time window
T={t—1,...,t} at time ¢ for some lag ! and require the
corresponding observation paths to be the same over the win-
dow T'. If there is a subset I of hypotheses’ indices verifying
this assumption and if it holds that w/ = Dicr w? < 1 then
these hypotheses can be mixed: the observation path of the
hypothesis with highest weight can be kept, e.g. for display
purposes, and the weight of the new hypothesis is w/. If the
laws associated with each hypothesis being mixed are distinct
then the resulting hypothesis is associated with a weighted
mixture of the corresponding laws (although this does not
typically happen when [ > 1). We denote by J; the set of
hypotheses at time ¢ resulting from this mixing procedure.

Track extraction: As mentioned in previous sections, a
posterior probability for an observation to be a false alarm
is computed and the result is stored as an hypothesis for the
purpose of track extraction. The hypotheses corresponding
to disappeared targets are kept for the same reasons. The
track extraction also operates on the time window 7', so
that these hypotheses can be discarded once the time of
their last observation falls out of this window. Finally, in
order to perform track extraction, one can solve the following
optimisation problem:

argmax Hw} 3
ISl Ger
subject to:

1) the union of all observation paths over the time window
T must contain all the observations over this window,

2) the observations paths in I must be compatible: each
observation cannot be used more than once.

The solution to this problem is the same as the one for

argmax E log wy
ICl:  Ger

with the same constraints, since all w? are strictly positive. The
latter problem can however be solved by linear programming.
Constraint 1 justifies the fact that false alarms and disappeared
targets are kept as hypotheses; the solution to eq. (8) would
not be meaningful otherwise. Constraint 2 ensures that the
assumptions of standard MTT are satisfied. The only parameter
for track extraction is the size of the time window 7" which is
practically appealing since it is easy to interpret and tune.

Remark 2. To ensure that previously displayed tracks do not
disappear when they have not been detected over the time
window T, the corresponding observations can be kept even
when their time is prior to 7, i.e. observations corresponding
to confirmed tracks are held longer in order to improve the
results with a limited impact on the computational time.



The track extraction procedure proposed in this section
is only one among many possible. The fact that the HISP
filter provides distinct hypotheses enables the introduction of
tailored extraction methods depending on the application and
computational resources at hand. The procedure proposed in
this section is considered since it is one of the simplest that
utilises the structure of the filter as opposed, for instance, to
selecting single-target laws based on their weight.

Since the track extraction procedure is not required in the
HISP filter recursion, its complexity with respect to the number
of hypotheses and observations is not analysed. Moreover, in
cases where the computational cost of the track extraction
would become significant, which is not what was observed in
the simulations, this procedure can be applied at some given
interval only or even on request.

VII. SIMULATIONS

The performance of the HISP filter® is compared against
the PHD and cardinalised PHD (CPHD) filters [20] as well
as the LMB filter. Note that because of its hierarchical nature,
the HISP filter can be easily implemented using any Bayesian
filtering technique for each single-target law, e.g. Sequential
Monte Carlo (SMC) as in [16] or Kalman filter (KF).

We consider a sensor placed at the centre of the 2-D Carte-
sian plane that delivers range and bearing observations every
A = 4s during 200s, i.e. the time index set is T = {0,...,50}
with the actual time being 4¢ for any ¢t € T. The size of the
resolution cells of this sensor is 1° x 15m. Considering small
fixed random error and bias error, the standard deviation of the
observations is o, = 6.2m for the range and oy = 4.5mrad
for the bearing, for a signal-to-noise ratio (SNR) of 3dB and
0, = 4.87m and oy = 3.5mrad for a SNR of 5dB. The range
r is in [50m, 500m| and the bearing € is in (—m, x]. For the
comparison with the (C)PHD and LMB filters to be possible,
point observations are generated according to the standard
observation model with the standard deviations given above,
instead of using the resolution cells. The alternative sensor
modelling of section III-D is thus used for the HISP filter.

The scenario comprises 5 targets which motion is driven by
a nearly-constant velocity model so that the random variable
X, representing the state of a target in X*® at time ¢ given its
state x;_; at the previous time verifies X; ~ N (Fx;_1, P)
with

1 0 A O A3 0 A%/ 0
101 0 A o 0 A 0 A%k
F=lo0 1 of'P=% |2, 0 A 0
00 0 1 0 2% 0 A

with 02 = 0.05m?/s*. All targets are present at the beginning
of the scenario and Targets 2 to 5 never spontaneously dis-
appear whereas Target 1 disappear at 160s in Case 1 below
and does not disappear in Cases 2 and 3. The scenario is
depicted in fig. 2a. Note that Targets 2 and 3 are crossing
around ¢ = 120s.

We consider a KF implementation of the HISP filter based
on A.3, A.5 and A.6 and similarly for the LMB filter. In this

3Code available at https://jeremiehoussineau.wordpress.com/software/

implementation, the detected and never-detected hypotheses
are updated through eq. (6b) and eq. (6a) respectively. For the
(C)PHD filter, a Gaussian mixture implementation4 [30], [33]
with a confirmation threshold 7. = 0.9 is considered, i.e. all
the terms in the Gaussian mixture with a weight exceeding
T. are declared as confirmed tracks. The non-linearity of the
observation model is dealt with by an extended Kalman filter.
To reduce the computational cost, pruning (with parameter
7 = 1075) and merging (with parameter 7/ = 4) are carried
out on the collection of posterior single-target laws or on the
Gaussian mixture, depending on the filter. The probability for
a target with state x € X* at time ¢ — 1 of remaining within
X* at time ¢ is set to p; = pf(x) = 0.999.

In the considered scenarios, the mean number of appearing
targets m,, is set to 1072 per time step. Targets are assumed
to be detected upon appearance in the PHD and HISP filters,
the corresponding distribution is induced by the observation
as in [17] with the velocity components being initialised as
Gaussian with mean 0 and standard deviation 3.5m/s; the
associated weight is wg* which is defined as m,/|Z}| for
any ¢t € T. The CPHD and LMB filters are initialised with a
Gaussian mixture whose terms are centred around the location
of appearance of the targets, with a standard deviation of 50m
on the position, and with the other parameters being the same
as for the other filters. The average number of false alarms
per time step is denoted n,. The probability of detection is
constant across the state space and through time, so that it is
denoted pq = p{(x) for any x € X* and any time ¢. From
the given characteristics of the sensor and for a given value of
P4, we deduce the probability for a single observation cell to
produce a false alarm and we denote it w,. The approximate
value of n;, can then be deduced directly from the number of
observations cells. We proceed to the performance assessment
on three different scenarios.

Case 1: High probability of detection (5dB): We set
pa = 0.995 so that w, = 7.67 x 1072 and n, ~ 83. The
HISP filter track-extraction window is set to a length of 5.
The Optimal Sub-Pattern Assignement (OSPA) distance [26]
depicted in fig. 2b is based on a cutoff of 100 and a 2-norm and
is averaged over 100 Monte Carlo (MC) runs. Even though the
estimation problem is not challenging with these parameters,
there is a noticeable difference of performance between the
two types of filters. This is mainly caused by the additional
weighting term w¥* of the HISP filter which allows for a
better discrimination between likely and unlikely hypotheses
and which reduces the effects of association uncertainty on the
overall performance. The CPHD filter takes the longest time
to react to the disappearance of Target 1. The performance of
the PHD filter is reduced when Targets 2 and 3 cross whereas
the performance of the other filters is not affected.

Case 2: Low probability of detection (3dB): We set
pg = 0.5 so that w, = 1.34 x 1072 and n, ~ 15. The
HISP filter track-extraction window is set to a length of 6
since there might be many consecutive detection failures. The
average OSPA distance is shown in fig. 2c. The OSPA distance

4The code of the CPHD and LMB filters was downloaded from Ba Tuong
Vo’s page (http://ba-tuong.vo-au.com/rfs_tracking_toolbox_beta.7z)
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for the HISP filter is the lowest at all time steps. Due to
the combination of a low probability of detection and the
uncertainty on the association, the OSPA distance for the HISP
filter increases when Targets 3 and 4 cross. The performance
of the HISP filter in this case is mainly explained by the fact
that it computes an a posteriori probability of detection, so
that the prior probability, pg = 0.5 here, has a lower impact
on the final result when compared to the other methods.

Case 3: High probability of false alarms (3dB): In this
case, we set pq = 0.8 so that w, = 1.54x 1072 and n, ~ 167.
The HISP filter track-extraction window is set to a length of
3 in order to alleviate the computational cost. The average
OSPA distance is shown in fig. 2d. The PHD filter, which is
known to be robust to high numbers of false alarms, behaves
slightly better than in Case 2. The CPHD and LMB filters
react significantly faster to target appearance than the HISP
filter but this might be related to the more informative birth
process they use. The CPHD filter is more prone to the creation
of false tracks that impede its performance in the longer run.

Parameter sensitivity: The HISP filter displays a high
sensitivity to some parameters when compared to the PHD
filter. In particular, and as shown in fig. 3, the value of the
probability p, has an important impact on the behaviour of
the filter: p, = 1 implies that if an hypothesis is almost-surely
correct then it will be displayed at all following time steps,
alternatively, if p, < pq then hypotheses stop to be considered
as tracks as soon as a detection failure happens. Conversely,
the behaviour of the PHD filter is nearly independent of
D, SO that this filter does not actually allow for taking the
knowledge about persistence of targets into account. The
scenario considered in fig. 3 is a slightly modified version
of the one considered above for Case 1, with a probability
of detection pg = 0.9, with n, = 10 and with Target 1
disappearing at 100s rather than at 160s.

Computational time: Although both the PHD and HISP
filters have a linear complexity, the computational cost for
the HISP filter tends to be higher than for the PHD filter,
especially when the time window used in track extraction is
large. The ratio between the measured computational times of
the two filters is displayed in fig. 4 and shows that the relation
between this ratio and the length of the time window appears
to be linear, although this is only based on 3 data points.

Additional numerical studies are given in the supplementary
materials.

CONCLUSION

A new MTT algorithm, called the HISP filter, has been
derived and detailed. When studying this filter, it appeared
that there is more than one way of using the update equations
and that there are different possible approximations as well as
diverse applicable modelling alternatives. In this sense, the
HISP filter can be seen as a general and computationally-
affordable way of approaching the problem of MTT. The HISP
filter allows for characterising each hypothesis separately thus
giving a local picture of the underlying multi-target problem
while controlling the level of approximation. Its efficiency
has been compared with the performance of the PHD, CPHD
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Fig. 2: OSPA distance in Cases 1-3 (b-d) on the scenario (a)
over 100 MC runs. (The dotted line numbered n represents
the OSPA for a cardinality-only error of n)
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Fig. 4: Relative computational time of the HISP filter w.r.t.
the PHD filter for Cases 1 to 3, averaged over 100 MC runs.

and LMB filters and the results show that the HISP filter
outperforms these algorithms in several cases with varying
probabilities of detection and statistics for the false alarms.
Future work will consider how the HISP filter scales in
practice with the number of targets as well as how this method
can be combined with other higher-complexity methods in
order to locally improve the performance where and when
the assumption of sparsity might not apply.
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APPENDIX

Proof of theorem 1. The principle of the proof is as follows:
in general, all combinations of transition functions must be
applied to the joint law of all hypotheses at time ¢ — 1.
Without the considered assumptions on the transitions, this
would generate a large number of multi-target configurations



at time ¢. However, even when making use of the considered
modelling, each single-target law which has its probability
mass on X* at time ¢—1 can be predicted using two transitions:
g and ¢f. In order to obtain a single predicted multi-target
configuration, we introduce a new transition ¢; defined as
a(x'|x) = ¢f(x'|x) + ¢ (x'|x) for any x,x" € X as
well as its extension ¢; which is defined as in eq. (3). As
a consequence, we only consider the transitions gi* and g;.

The transition g; is the only one which can be used to
predict the probability distribution 6,4, without yielding d,,, so
that there is no viable alternative. The transition g;* is applied
to a fixed number nf* of targets with law d,, and the other
targets with this law can only be propagated with g, so that
there is only one possibility. The multiplicity n, of the law
d, is irrelevant and is not estimated. For the same reasons,
targets that are almost-surely in the state space X* can only
be propagated with ¢; so that the joint law P 1 induced by
is

the hypotheses in ]It‘ i1

u

My_1
Pl =TT | [t ¥t (x)ax |
j=1
X [ Gt (Xn(3) | x' )Pt 1(x )dx]
k ]Iﬂl
where N = n}_;+|I}> | = |]It‘t 1| and where 7 is any one-to-

one mapping between the sets I}* ; and {n}" ; +1,...,N}.
However, when marginalising all single-target laws but one,
say ¢ € I}" |, and when considering the restriction to X* or
to 1)y, the prediction of the single-target law with index k via
g7 or @ can be recovered through

_k,w

pf‘f 1 d)ﬁ /51% ’ﬂ(k)) t|t— 1(X1,...7 N)d(Xl,...,XN)
and pt|$— (p)=1- ﬁt"t,l(%), and through

_k,m

Py~ i /(S X”(k) t\t (X1, x n)d(x1, ... xN)

for any x € X* and %f_l x)dx. It can indeed

be verified that
_k,w —w -
pm4:/%umm4mm
— [ @It (x)ax

The propagation of the single-target law p}' ; of the never-
detected targets via g or g can be similarly recovered; for
instance the law defined by

Jxe pt\t 1

_k,m
Piji—1

ptultﬂ'l /Pt\t 1XX2,..., N)d(X27...,XN)
and by p," | —f p; x)dx is indeed equal to the
common {aw of the never- detected targets predicted via ¢ .

Thus, A.1 yields a multi-target configuration of the form

{(Bhe—1, D}iern, , U{(pyZ1smi1)}
U@ 1o mio )} UL )y UPLY

where pf' = qi*(-|vy). The targets that disappear dur-
ing prediction are then mixed by Simplification S.2 and
hence return to 75;’/’_’{’. Although the probability distribution
J @ (-|x)pF_, (x)dx might have some probability mass on ¢,
the mixing with an infinite number of probability distributions
dy, will make this negligible. Then, by Simplification S.1,
the probability distribution ;5?‘ ;1 results from the mixing of
the n} | never-detected targets with law ]55":71 and the n¢
appearing targets with law pg, so that ”?|ff1 =ny | +ng
also follows. This concludes the proof of the theorem. [

The proof of theorem 2 requires the introduction of some
additional notations. Let A; be the set of subsets of ]Iti
describing all the possible associations of hypotheses in ]Itl i1
with observations in Z; such that hypotheses do not share non-
empty observations and let A;(k, z) be the subset of .A; made
of sets such that the hypothesis k € I;;_; is associated with
z € Z;. Let w; be the DISP filter’s posterior probability mass
function on A; x N (see [12, Corollary 3.4]) corresponding
to the HISP filter’s predicted multi-target configuration 75t|t_1
and defined for any I € A; as

u _u,d ”f t—17 " 0,2
wt(Ivnﬂt—l —ny) = [pt|t71( | ' [ Pije— i ]
ZGZb
bz _k.d
[ H Py ][ H Piji—1 (2 )]
2eZ)\ 2 (k.s,2)€0, ! [1]

(ke ,2)# (1,6)

with n; < |Z;| the number of targets in I detected for the first
time and with Z? C Z; the subset of observations considered
as false alarms in I. The proof of the expression of w; is out
of the scope of the present article; however, the scalar th =
wy(I,n),_; —nr) can be seen to be the marginal likelihood
associated with the update of the hypotheses selected by I
with the corresponding observations and with the failure of
the detection of the others. It follows that

We= > w ©)
IcA;
is the full multi-target marginal likelihood.
Proof of theorem 2. For any i € I with (k,s,z) = o, 1 (4),

the posterior marginal distribution p! on X can be charac-
terised by

I
1 w S
pix) = Y ————Li(z|x)pf, (%), (10)
Ie A (k,2) thtlt 1 (2)
for any x € X, and by pi(p) = 1 — [ pi(x)dx. Defining

k,z __ I
Wex = E Wy,

IcAi(k,z)
we can rewrite eq. (10) as

Pi(x) = Wy hwg L (= [ x)pi,_ (%)



for any x € X, so that it remains to prove that the marginal
likelihood W; can be equivalently expressed as the denomina-
tor of either eq. (6a) or eq. (6b). It is sufficient to verify that
for any z € Z; and any k € I¢—1, it holds that

U Ai(K', 2 U Ai(k, 2") = Ay
k'€lyp1 2/ €724

since the constraint “hypothesis k is associated with observa-
tion 2” is loosen by taking the union over all k in I;_; or
over all z in Z; (informally, this constraint becomes “an object
is associated with 2” or “k is associated with some possibly-
empty observations”, which is always true under the standard
MTT assumptions). It follows that

I k2 k',

= Z Wy = Z We*py "

IeA; k'EHt‘t,1 z EZt

The expression eq. (5) of the approximated multi-target con-
figuration P, if then formed under A.2. O

Theorem 3 is a corollary of the following lemma, where
A" refers to the subset of 4, where all hypotheses have been
detected at least once up to time ¢ — 1.

Lemma 1. Considering A.3 for the sets I;* and Z,, the multi-
target marginal likelihood W, can be factorised as

k,d

Pei_1(2)
—a T [+ 3 e

kel sez, G (2)

where
_u,d Ny b,z u, b
Ct = [pt‘t,1(¢)] l |: H t|t 1 :| |: H C :|
2€Z] 2€Zy

Alternatively, considering A.4 for I and Z,, it holds that

—or ] [Cub 3 pﬁ’tdl(z>]
=Lt %.d )
2€7Z, ke, Pjy—1(9)

where the constant C’f’ is the joint probability for all the targets
in the system to be undetected at time t, defined as

¢ n | b,z _k,d
G [pt|t 1 e 1{ Dyjy— 1 ( }{ H Dyj— 1 ( ]
z€7] ke,
Proof. We first rewrite the multi-target marginal likelihood

w{ in a suitable way, for any I € A;. For this purpose let

de be the subset of Ht| ,_, corresponding to targets with

index in I that have been detected at time ¢, let Z}n’d be
the subset of Z; containing the corresponding observations,
let o7 = J74 — Z74 be the one-to-one mapping describing
this identification, and let Z}' and Z? be the subsets of Z;
containing the observations associated with the never-detected
targets and with false alarms respectively, then it holds that

Zy =2/ W 2} W 75,
and w/ can be expressed as

th:Cf

L B e

(k,2)€Cr(or) Prjt— 1(¢) zez Pijt— 1(9) zezs P

k,z' Jc* /
Zwex pt )

where Gr(o7) = {(k,o7(k)) : k € J™} is the graph of 7.
We can proceed to the second step of the proof by rewriting
W, as follows

P, (2)
we-ct Y| T S

(k,z)eGr(or) pt|t 1(¢)

Ie AP
b,z
pt|’t 1(2):||: pt\)t 1(2):|
X i LT Pt R
Z.,,Z%Q:Zt: [zg ﬁatd 1(¢) ng 7IZ|tZ 1(¢)

ZoWZ,=Z,— 27

We conclude by noticing that the sum over Z,, and Z, has a
binomial form and can thus be factorised, so that

ox[ 0 4ol o)

TEAD cGr(or) Prji—1 ez, 7
u,b
cf’[ Ic (z)]
2E€Z:
Pt (2)
x> 11 Fd (o omb oy |
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We finally notice that

[T [+ X pfil(z)]
" C(2)

kEH?‘)t 1 2€Zy
_fe,d pf"tdl(Z)
IRl I e
ke, TEAT " s 2o ) Pile

where the product on the rh.s. has been developed and
the obtained terms have been simplified using A.3, which
completes the proof of the first part of the lemma. The
alternative expression of W; under A.4 can be proved in a
similar way. O
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