Exercise sheet 3
Solutions

Exercise 1. The state and observation equations of the DLM with states (68},)x>0 and observations
(Yr)k>0 can be expressed as

S0}, = F1.S; 0,1 + ux
yi = HiS;, "0}, + v

with up ~ N(-;0,Uy) so that
0}, = SiFxS; 10,1 +uj,
yi = H1.S, 0], + vg,
with w}, ~ N(-;0,S,U,S]). It also holds that

E(0} | Yo = yok) = SkE(Ok | Yok = yok) = Skriu
var (0}, | Yok = Yo-k) = Sk var(0x | Yok = Yo.x) ST = Sk PpST.

Exercise 2. Before looking at the specific models, we can express yx+s in a convenient form by first
looking at 0y, and finding that

Okts = FOris-1 + Upis
= F(FOi5-2 + Upt5-1) + Ukts

51
=F0) + Z Flugs;
=0
so that
51
Yirs = HOkps + vips = HFO, + Y HF'wpis5 i + vpys.
i=0

The distribution of y4s given yo., = yo.r is therefore normal as soon as the distribution of 05 given
Yo:k = Yo:k is also normal (as a linear combination of normally distributed random variables). The result
can now be used for both cases:

1. A second-order polynomial trend model has transition and observation matrix

1 1
F:<O 1) and H:€2:(1 O)

so that 5
1
HF’=(1 0) (0 1) =(1 9)
for any § > 0. Denoting 0 = (mk7:‘nk)T, we deduce that

6—1

Ykts = T + 0xp + Z <€k+6—i,1 +(1+ i>€k+6—i,2) + Vg+s-
i=0



The mean and variance of yjys given yo.x = yo.x can then be found as

E(Yr+s | Yo:k = Yo:k) = g1 + 01g 2
51
var(Ynrs | Yor = yox) = (1 8) P (1 0)T +d0F + Z(l +1)202 + Viss
=0

5(5+1)(26 + 1)
6

= Py 11y +20P; (1.9) + 62Dy, (0,9) + 807 + 05+ Viets

2. The superposition of a first-order polynomial trend model with a first-harmonic Fourier-form sea-
sonal model has for transition and observation matrix

1 0 0
F=10 cos(w) sin(w) and H=(1 1 0).
0 —sin(w) cos(w)

Given that F' is a block-diagonal matrix with the second block being a rotation matrix, it holds

that
1 0 0
FP=10 cos(dw) sin(ow) |,
0 —sin(éw) cos(dw)
so that

HF’ = (1 cos(dw) sin(dw)) = A.

For similar reasons, it holds that FT = F~! and it follows from the form of U that FUFT = U.
Therefore, the mean and variance of yx4s5 given yo.x = yo.x can then be deduced to be

E(Yk+s | Yok = Yo:k) = 1,1 + cos(dw) g, 2 + sin(0w)rivg 3
5—1
var(Ye+6 | Yok = Youx) = APLAT + ZHFiU(Fi)THT + Vigs
i=0
= APLAT 4+ 6(0% + 0"%) + Viys

Exercise 3. 1. This result can be verified easily by induction. It is obviously true for 6 = 1 so
assuming it holds for a given §, we want to prove it also holds for § + 1:

Aa1 ap+Aas ...  ag—1+ Aag
F5+1 F(SF 0 )\al Lo.oQag—1+ )\ad_l
0 . 0 )\al

Considering the j + 1-th term on the first line, j > 0, we have

5 , § .
aj + Aajy1 = (j B 1> A0 /\(j> A0

() (e
J—1 J
_ ((H 1) AG+D)

j

where the last line is due to Pascal’s rule. This is the correct term for § + 1 which completes the
proof by induction.

2. When d = 3, the forecast function gq is of the form

5(5—1)
2

_\6 Moz2 m0,3> 2m0,3)
A (o +8( N o) T

90(5) = )\6771071 + 5)\57172’1072 + /\572771073




Since we assume that go(d) = Ad? exp(—pd), we can identify the following relations:

mo.3 mo 2 mo.3
>\ = —_ A = 2 2 = 2
eXp( p>7 2)\2 Y A 2)\2

mo,1 =0 and

with the third and last equality following from the fact that the constant terms and the terms
in A must be equal to 0 (since there are no such terms in the assumed expression of gg). To use
the information regarding when the maximum is attained, we consider the derivative of log gy as

follows d 5 5

1 N==—-p=0= §===4 d =1/2

35 0890(0) = 5 —p P an p=1/2,
from which it also follows that A = exp(—1/2). We also know that the maximum value is 30,000
so that

go(4) = 4% Aexp(—2) = 30,000 = A = 1875exp(2) ~ 13, 854.

The values of mg 2 and mg 3 can also be found to be

mo3 = 2A\%?A ~ 10,194

mo.3
= —= =~ &, 403.
mo.2 2\ 8, 03

s

Since A equals to exp(—1/2) € (—1,1), it is true that the sales will be modelled as tapering off.



