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ABSTRACT

Recent generalisations of stochastic filtering methods to multi-object
systems have become very popular for solving multi-target tracking
problems over the last decade. However, there was previously no
general means of introducing correlations between objects. In this
article, we investigate generalisations of such multi-object filters for
systems where there may be dependencies between objects. Deter-
mining probability and factorial moment densities is facilitated by
the use of a recent result in variational calculus, a general form of Faà
di Bruno’s formula. The result is illustrated through the Probability
Hypothesis Density (PHD) filter, as a first-order moment example of
the general form.

1. INTRODUCTION

Stochastic filtering methods have played a fundamental role in es-
timation and control theory and its applications. The extension of
stochastic filtering methods to systems of multiple objects is a rel-
atively recent development, developed by Mahler [1] as a means of
identifying and tracking an unknown number of objects in aerospace
applications. Multi-object filters have been based on the stochastic
population process framework proposed by Moyal [2], and Mahler’s
derivation of Bayes’ theorem for point processes [3].This methodol-
ogy is becoming established as the dominant framework for solving
multi-target tracking problems within the sensor fusion literature,
e.g. [4]. In this framework, however, the dynamics and observations
of objects are assumed to be independent, and there is currently no
general framework for modelling systems with correlations between
objects.

A step towards introducing correlations into multi-object filter-
ing was proposed in [5] based on the Gauss-Poisson process [6].
However, the result is quite involved and highlights the difficulty of
determining the general structure of multi-object systems from func-
tional representations without a general mechanism for doing so. In
this article, we introduce such a mechanism by using the general
higher-order chain rule for variational calculus that was recently de-
rived [7]. This result enables us to determine the Janossy and facto-
rial moment densities of Bayesian estimation equations for different
models [8].

2. DIFFERENTIALS

To make use of the generating functional in the following sec-
tions, we require the notion of differentials. Since the generating
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functional will be defined on a Banach space, the generality of the
Gâteaux differential is needed. However, we use a slightly restricted
form of Gâteaux differential, known as the chain differential [9], in
order that we can determine a chain rule [7]. Following this, we
describe the general higher-order chain rule. In this section, X , Y
and Z denote topological vector spaces.

DEFINITION 1 (Chain differential, from [9]). The function f : X →
Y has a chain differential δf(x; η) at x in the direction η if, for any
sequence ηn → η ∈ X , and any sequence of real numbers θn → 0,
it holds that

δf(x; η) = lim
n→∞

1

θn
(f(x+ θnηn)− f(x)) . (1)

The nth-order chain differential can be defined recursively as

δnf (x; η1, . . . , ηn) = δ
(
δn−1f (x; η1, . . . , ηn−1) ; ηn

)
.

THEOREM 1 (General higher-order chain rule, from [7]). Assuming
that g : X → Y has higher order chain differentials in any number
of directions in the set {η1, . . . , ηn} ∈ Xn and that f : Y → Z has
higher order chain differentials in any number of directions in the set
{δmg(x;Sm)}m=1:n, Sm ⊆ {η1, . . . , ηn}. Assuming additionally
that for all 1 ≤ m ≤ n, δmf(y; ξ1, . . . , ξm) is continuous on an
open set Ω ⊆ Y m+1 and linear w.r.t. the directions ξ1, . . . , ξm, the
nth-order variation of composition f ◦ g in directions η1, . . . , ηn at
point x ∈ X is given by

δn(f ◦ g)(x; η1, . . . , ηn) =∑
π∈Π(η1,...,ηn)

δ|π|f
(
g(x); δ|ω|g (x; ξ : ξ ∈ ω) : ω ∈ π

)
,

where Π(A) represents the set of partitions of the discrete set A,
|π| denotes the cardinality of the set π and where h(y : y ∈ π) =
h(y1, . . . , ym) when π = {y1, . . . , ym}.

3. POINT PROCESSES

In this section we introduce the representation used for providing the
stochastic description of multiple object, i.e. point processes [10].

Our knowledge about systems of multiple objects is intrinsically
stochastic and can be represented by a probability space (Ω,F ,P).
The knowledge about the probability of any possible event about
any part of the stochastic population is encoded into the probability
space (Ω,F ,P). However nothing is known about this space and
the population is represented into another measurable space (E, E)
where the important characteristics of the population are only rep-
resented with points in a Polish space X, e.g. Rd for some d ∈ N

including positions, velocities or sizes of objects. The space E can
then be considered as the space of sequences x = (xi)

n
i=1 of points
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in X [2, 11]. Details about the construction of the σ-algebra E on E
can be found in [2] or in [12]. A point process Φ is the measurable
mapping between the probability space (Ω,F ,P) and the measur-
able space (E, E). The law of the point process Φ on E is denoted
PΦ. The probability generating functional (p.g.fl.) is an important
tool for point process theory [2] and is defined as follows.

DEFINITION 2 (Probability generating functional). Let U(X) be the
set of bounded measurable functions on X such that u ∈ U(X)
satisfies supx∈X |u(x)| ≤ 1. Let V(X) be the space of functions
v ∈ U(X) such that 1 − v is vanishing outside some bounded set
and is satisfying 0 ≤ v(x) ≤ 1, for any x ∈ X. The probability
generating functional GΦ of a process Φ can be written for v ∈
V(X) as

GΦ(v) =
∑
n≥0

∫
Xn

v(x1) . . . v(xn)P
(n)
Φ (x)dx

=

∫
E

[ ∏
x∈x

v(x)
]
PΦ(x)dx,

where P
(n)
Φ is the projection of probability distribution PΦ on Xn

and gives the probability of having n points as well as their distri-
bution.

The superscript of the projection P (n) will be dropped when it
is not informative such as in P (|x|)(x), as opposed to P (n)(x).

DEFINITION 3. The nth-order Janossy density J
(n)
Φ and the nth-

order factorial moment density M
(n)
Φ are defined on Xn as follows

J
(n)
Φ (x) =

∑
σ∈Sn

P
(n)
Φ (xσ(1), . . . ,xσ(k)),

∫
Xn

f(x)M
(n)
Φ (x)dx =

∑
k≥n

∫
Xk

∑
y⊆x
|y|=n

f(y)P (k)(x)dx,

where Sn is the set of all permutations of the set {1, . . . , n}.

The Janossy density has a simple meaning, as JΦ(x) can be
interpreted as the probability of having one object at each of the
points in x. Even though the definition of the nth-order factorial
moment density is more involved, we can see that this quantity is
related to the average behaviour of any n points in the realisations
of the process Φ. The first factorial moment is also the mean of
the process, while the second factorial moment represent the joint
statistics of any two points in the point process Φ. The latter must
not be confused with the standard second moment from which the
variance of the process can be deduced [13] and [14].

Moyal [2] also shown that the Janossy density and factorial mo-
ment density are recovered from the p.g.fl. with

J
(n)
Φ (x) = δnGΦ(v; δx1 , . . . , δxn)|v=0, (2)

M
(n)
Φ (x) = δnGΦ(v; δx1 , . . . , δxn)|v=1. (3)

Most often, the chain differentials will be in the directions of δ-
functions, so that, for notational convenience, we will denote Δx

the list δx1 , . . . , δxn , for any x ∈ Xn and any n ∈ N. Also, in
order to conveniently describe factorial moments, we introduce the
function Cn|k on Xn ×Xk, for any n, k ∈ N such that

Cn|k(x|y) = δn
( ∏

y∈y
v(y);Δx

)∣∣∣∣
v=1

, (4)

Note that Cn|k vanishes when n > k. In the next section, the tools
developed here for describing general point processes are used to
characterise interacting point processes.

4. POINT PROCESSES WITH CORRELATIONS

In this section we describe a class of point processes for modelling
interactions, first within a point process and then with interactions
between two point processes, by introducing specific joint point pro-
cesses. We denote E∗ = E \X0 the space of non-empty sequences
of points in X.

DEFINITION 4. Let {K(n)
Ψ }n≥1 be a family of densities, which

might not be probability densities, then the Khinchin generating
functional GΨ : V(X)→ R is defined as

GΨ(v) = exp (LΨ(v))

where, denoting K
(0)
Ψ =

∫
E∗ KΨ(x)dx, LΨ is expressed as

LΨ(v) = −K(0)
Ψ +

∫
E∗

[ ∏
x∈x

v(x)
]
KΨ(x)dx.

Using Theorem 9.4.V from [10, Vol.II], we find that the func-
tional GΨ defines a unique point process.

DEFINITION 5. The point process with p.g.fl. GΨ is called a
Khinchin point process.

This class of processes have been introduced in [15]. To better
understand the characteristics of a Khinchin point process, it is use-
ful to determine the Janossy and factorial moment densities of such
a process.

PROPOSITION 1. The nth-order Janossy density J
(n)
Ψ and the nth-

order factorial moment density M
(n)
Ψ of a Khinchin process Ψ are

determined with

J
(n)
Ψ (x) = exp

(
−K

(0)
Ψ

) ∑
π∈Π(x)

∏
ω∈π

|ω|!KΨ(ω)

M
(n)
Ψ (x) =

∑
π∈Π(x)

∏
ω∈π

QΨ(ω),

where Q
(n)
Ψ (x) = δnLΨ(v; Δx)|v=1.

Proof. It is easily shown that the nth chain differential of the expo-
nential function takes the form

δn exp(x; η1, . . . , ηn) = exp(x)η1 . . . ηn.

The result is found by using (2), (3) and Theorem 1, as well as by

noting that LΨ(0) = −K(0)
Ψ , LΨ(1) = 0, and that the nth chain

differential of LΨ at point v = 0 is found to be δnLΨ(v; Δx)|v=0 =

K
(n)
Ψ (x).

When analysing the form of the Janossy densities JΨ of the
Khinchin process Ψ, we see that this process has an i.i.d. distribution
for groups of points of the same size, as depicted in Figure 1. The
nth-order factorial moment is more difficult to analyse, however, as-

suming K
(n)
Ψ = 0 for any n > 2, we obtain a Gauss-Poisson point

process, and the second factorial moment is found to be

M
(2)
Ψ (x1, x2) = 2K

(2)
Ψ (x1, x2) +M

(1)
Ψ (x1)M

(1)
Ψ (x2).
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i.i.d.

Fig. 1. A realisation of a Khinchin process, with correlated points

We can recognise the form of a covariance and find that covΨ(x1, x2) =

2K
(2)
Ψ (x1, x2). In other words, the density K

(2)
Ψ of a Gauss-Poisson

point process directly represent the correlations in the process.

Equipped with Khinchin point processes, one can model inter-
actions and independence in a point process. We now consider an-
other point processes Ψ′ from (Ω,F ,P) to (E′, E ′) with points in
the Polish space X′. The subscript � will be used for quantities
representing both Ψ and Ψ′ while 	 and 
 will stand for the con-
ditionals Ψ′|Ψ and Ψ|Ψ′. Also, the joint space E∗	 is defined as
E∗	 = (E × E′) \ (X0 ×X′0).

DEFINITION 6. A joint Khinchin process can be defined through its
p.g.fl. G	 on V(X)× V(X′) expressed as

G	(v, v
′) = exp

(
−K(0,0)

	
)

× exp

(∫
E∗�

[ ∏
x∈x

v(x)
][ ∏

x′∈x′
v′(x′)

]
K	(x,x

′)dxdx′
)
,

where K(0,0)
	 is a normalising constant that ensures that G	(1, 1) =

1, i.e.

K(0,0)
	 =

∫
E∗�

K	(x,x
′)dxdx′.

Using the generality of the chain rule described in Theorem 1, it
is easy to find the Janossy densities of a joint Khinchin point process.

PROPOSITION 2. The Janossy densities of a bivariate Khinchin
point process is

J	(x,x
′) =

exp
(−K(0,0)

	
) ∑
π∈Π(x∪x′)

∏
ω∈π

|ωx|!|ωx′ |!K	(ωx, ωx′),

where ωx stands for ω ∩ x.

Proof. We can recover the Janossy density from G	 via differentia-
tion in both variables, i.e.

J(n,m)
	 (x,x′) = δn+mG	

(
v, v′; Δx,Δx′

)∣∣
v=v′=0

.

This approach to joint point process will be useful in the next
section for handling Bayesian estimation for multiple objects.

5. BAYESIAN ESTIMATION

Considering a joint Khinchin process as in Section 4, it is of interest
to describe how the Janossy and factorial moment densities of Ψ are
updated when obtaining a realisation of the point process Ψ′. Note
that the joint densities K	 can be expressed as

K	(x,x
′) = L�(x

′|x)KΨ(x),

where L� is a likelihood. We additionally define �
(n)
� = n!L

(n)
� .

THEOREM 2. The Janossy and factorial moment densities of an up-
dated Khinchin process via Bayes’ theorem is computed with

J�(x|x′) ∝
∑

π∈Π(x∪x′)

∏
ω∈π

|ωx|!��(ωx′ |ωx)KΨ(ωx)

M�(x|x′) ∝
∑

π∈Π(x∪x′)

∏
ω∈π

∫
E

C(ωx|y)��(ωx′ |y)KΨ(y)dy,

where C is as defined in (4) and the common normalisation term is
∑

π∈Π(x′)

∏
ω∈π

∫
E

��(ωx′ |y)KΨ(y)dy.

Proof. The result can be determined directly, for any k, n ∈ N, from
the functional G	(v, v′) with

J(k|n)
� (x|x′) = δn+kG	(v, v′; Δx,Δx′)|v=v′=0

δnG	(1, v′; Δx′)|v′=0

,

M (k|n)
� (x|x′) = δn+kG	(v, v′; Δx,Δx′)|v=1,v′=0

δnG	(1, v′; Δx′)|v′=0

,

using Theorem 1 on the joint Khinchin process generating func-
tional.

The Probability Hypothesis Density (PHD) filter [3] was devel-
oped as a tractable means of propagating a point process for mul-
tiple target tracking applications. A Poisson approximation of the
prior population process was made before applying Bayes’ theorem
in order to derive a closed-form recursion in the first-order factorial
moment density.

Example 1 (Multiple-target tracking). Starting from the Bayes’ up-
date for joint Khinchin processes in Theorem 2, written at the first
order, the assumptions needed to arrive to the usual PHD filter are

1. the densities K(n)
Ψ vanishes for n > 1 and K

(1)
Ψ = λP

(1)
Ψ

2. no more than one measurement is originated from each object
3. measurements are independent of each other.

The only partitions left in the set Π(x ∪ x′), when |x′| = n, are of
the form

• {x,x′1, . . . ,x′n}, i.e. no measurement from a target,
• {x′1, . . . , {x,x′i}, . . . ,x′n} for 1 ≤ i ≤ n, i.e. one measure-

ment per target.

Therefore, noting that J(m)
� (·|x) = P

(m)
� (·|x) when m ≤ 1, the

first moment in Theorem 2 becomes the PHD filter update:

M�(x|x′) =

P (0|1)
� (x)MΨ(x) +

∑
x′∈x′

P�(x
′|x)MΨ(x)

νΨ′(x′) +
∫
X
P�(x′|x)MΨ(x)dx

,

where the density νΨ′(x′) refers to J
(1|0)
� (x′)K(0)

Ψ and is the density
of the false alarm process, and where P

(0,1)
� is the probability for a

object at x to generate no measurement.
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The underlying assumption of Bayesian estimation for Khinchin
process is that the interactions must be i.i.d., in other words, these
interactions have to be the same over the whole state space. Also,
similarly to the PHD filter, Khinchin processes only allow for the
estimation of global statistics.

6. CONCLUSION

This paper develops a framework for the estimation of a given class
of multi-object dynamical systems with correlations, namely, those
with identically distributed interactions. The resulting Bayes’ theo-
rem has been proved to be a generalisation of the multi-target track-
ing Probability Hypothesis Density (PHD) filter. The general re-
sults involve summations over partitions of measurements and states,
and hence approximations will be required when designing prac-
tical algorithms to permit tractable implementations. Yet, the ap-
proach demonstrated in this article helps understanding the structure
of Bayesian estimation for point processes with interactions and es-
tablish a useful basis for the derivation of future filters for multiple
interacting objects.
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